INTRODUCTION
============

Zero-field nuclear magnetic resonance (NMR) is an alternative magnetic resonance modality in which nuclear spin information is measured in the absence of applied magnetic field ([@R1]--[@R5]) and serves as a complementary analysis tool to conventional high-field NMR. Zero-field NMR experiments regularly achieve nuclear spin coherence times longer than 10 s without using dynamical decoupling pulse sequences, which provides ultrahigh frequency resolution spectroscopy with demonstrated linewidth down to 20 mHz ([@R6], [@R7]). While at high field, the spins are coupled more strongly to the magnetic field than to each other, at zero field the spins are strongly coupled to each other by spin-spin interactions. Significantly, at zero field, the spin-spin couplings are not truncated in an anisotropic way as they are in conventional NMR. This means that zero-field NMR can measure certain spin-dependent interactions ([@R8], [@R9]), which are not generally accessible in high-field NMR experiments.

Compared with high-field NMR, spins with different gyromagnetic ratios all have identical (zero) Larmor frequency at zero field, and thus individual manipulation of different spin species presents a challenge and limits the possible applications of zero-field NMR. Previous examples of coherent isotropic averaging pulse sequences in zero-field NMR have been limited to the homonuclear case ([@R10]). More recent pulse sequences for heteronuclear spin systems ([@R11]--[@R13]) have been limited by the inability to generate independent arbitrary rotations for different spins. Here, we experimentally demonstrate and quantify the fidelity of universal quantum control of a spin system composed of two coupled heteronuclear spins at zero magnetic field. We use a composite sequence to rotate one of the two spins by a desired angle and to cancel the accumulated rotation angle of the other ([@R14]). On the basis of this, we realize single-spin control for ^13^C and ^1^H and two-spin control via a controlled-not (CNOT) gate in ^13^C-formic acid (^1^H-^13^COOH, where the acidic proton is neglected due to rapid exchange). Although the ^13^C-^1^H system is one of the simplest cases to achieve nuclear spin control, our approach can be, in principle, extended to more general multispin heteronuclear systems ([@R14]). Identifying the dominant errors in zero-field NMR is particularly important for improving quantum control performance. To estimate the fidelity of the single-spin control, we adopt a quantum information--inspired randomized benchmarking method ([@R15]--[@R18]). We implement state tomography at zero field for determining the quantum state of nuclear spins ([@R19]). By performing partial quantum process tomography ([@R20]--[@R22]), we characterize the performance of the CNOT gate using a constrained fitting technique.

RESULTS
=======

Spin system at zero magnetic field
----------------------------------

A liquid-state *n*-spin system at zero magnetic field can be described by the Hamiltonian $\mathit{H}_{\mathit{J}} = \sum_{\mathit{i};\mathit{j} > \mathit{i}}^{\mathit{n}}2\pi\mathit{J}_{\mathit{i}\mathit{j}}\mathbf{I}_{\mathit{i}} \cdot \mathbf{I}_{\mathit{j}}$, where *J*~*ij*~ is the strength of the scalar spin-spin coupling (*J* coupling) between the *i*th and *j*th spins, **I**~*i*~ is the spin angular momentum operator of the *i*th spin, and the reduced Planck constant is set to one. We experimentally demonstrate feasibility of our nuclear spin control scheme by using ^13^C-formic acid ([Fig. 1A](#F1){ref-type="fig"}), a convenient heteronuclear two-spin system. At zero magnetic field, the eigenstates of a two-spin 1/2 system are most conveniently defined in terms of the total angular momentum **F** = **I**~1~ + **I**~2~, yielding a singlet state with **F** = 0 and three degenerate triplet states with **F** = 1 (section S1). The frequency separation (*J*) between the singlet state and the triplet states is \~222.2 Hz. This frequency sets the time scale in which precise magnetic field pulses can be applied: *J*τ~p~ ≪ 1, where τ~p~ is the pulse duration. In our system, τ~p~ = 50 μs, so *J* coupling can be considered negligible during magnetic field pulses.

![Zero-field NMR of ^13^C-formic acid.\
(**A**) Schematic molecular structure and zero-field nuclear spin energy levels of ^13^C-formic acid (^1^H-^13^COOH); single-shot zero-field NMR signal. The FWHM (full width at half maximum) obtained from a Lorentzian fit is 32 mHz. (**B**) Experimental setup for zero-field NMR spectroscopy, described in Materials and Methods. The NMR sample is contained in a 5-mm NMR tube and pneumatically shuttled between a 1.8-T prepolarizing magnet and the interior of a four-layer magnetic shield. A guiding field is applied in the *z* direction during the pneumatic shuttling. NMR signals are detected with an atomic magnetometer with a ^87^Rb vapor cell operating at 180°C. (**C** and **D**) Results of state tomography on initial states after sudden (C) and adiabatic (D) transfers. FFT, fast Fourier transform.](aar6327-F1){#F1}

High-fidelity nuclear spin control also requires long coherence times. The nuclear spin singlet state is antisymmetric with respect to exchange, and it cannot evolve into symmetric states under the symmetric intramolecular dipole-dipole interaction ([@R23]). For this reason, the lifetime of a nuclear spin singlet state can be long. The singlet state lifetime of the ^13^C-formic acid sample used in our experiment is measured to be 16.7 s. While homonuclear singlets are long-lived at arbitrary fields, this holds for heteronuclear systems only in near-zero fields ([@R7]), where the lifetime of the singlet-triplet coherence can also be enhanced ([@R24]). The lifetime of the singlet-triplet coherence observed in our experiment is *T*~2~ = 10.3 s, as shown in [Fig. 1A](#F1){ref-type="fig"}. We can therefore implement numerous coherent operations: nearly 10^5^ single-spin operations or 10^4^ two-spin operations. This is also useful for molecular structure determination and fundamental physics, as it permits high-resolution measurement of minute frequency differences and precise determination of coupling constants.

We perform our experiments using an apparatus similar to that of Theis *et al.* ([@R3]), Tayler *et al.* ([@R5]), and Ledbetter *et al.* ([@R25]), which is schematically shown in [Fig. 1B](#F1){ref-type="fig"}. Details of the experimental setup are described in Materials and Methods. We polarize nuclear spins in the NMR sample in a permanent Halbach magnet (*B*~pol~ = 1.8 T), after which we shuttle the sample into a magnetically shielded region, such that the bottom of the sample tube is \~1 mm above a rubidium vapor cell of an atomic magnetometer ([@R26], [@R27]). We apply a guiding magnetic field (*B*~guid~ \~3 × 10^−5^ T) during the transfer and turn it off after the sample reaches the zero-field region. The initial spin magnetization then evolves under the *J*-coupling interaction between the nuclei, which generates an oscillating magnetization signal along *z* and is detected with a rubidium atomic magnetometer.

The way that the guiding field is switched to zero plays a crucial role in determining the initial state and, in turn, the amplitude and phase of the oscillating magnetization signal produced. There are two limiting cases, which correspond to sudden and adiabatic changes that for brevity we call the "sudden" and "adiabatic" states, respectively ([@R7]). It should be pointed out that the state mentioned here is not a pure quantum state, but a mixed state, which is a statistical ensemble of pure states and is described with a density matrix ρ ([@R28], [@R29]). When the guiding field *B*~guid~ is turned off within 10 μs, the state of the two-spin system, ^13^C (**S**) and ^1^H (**I**), remains the high-field equilibrium state ρ = exp(−*H*~*z*~/*k*~B~*T*)/Tr\[exp(−*H*~*z*~/*k*~B~*T*)\]. Here, *H*~*z*~ = −*B*~pol~(γ~*I*~*I*~*z*~ + γ~*S*~*S*~*z*~), γ~*I*~ and γ~*S*~ are the gyromagnetic ratios of the respective spins, *k*~B~ is the Boltzmann constant, *T* is the temperature of the sample, and *I*~*z*~ and *S*~*z*~ are the *z* components of the spin operators. In the high-temperature (low-polarization) approximation, ρ = \[**1** + (γ~*I*~*B*~pol~*I*~*z*~*/k*~B~*T*) + (γ~*S*~*B*~pol~*S*~*z*~*/k*~B~*T*)\]/4, which is the sudden state. On the basis of the experimental parameters, γ~*I*~*B*~pol~*/k*~B~*T* ≈ 1.2 × 10^−5^ and γ~*S*~*B*~pol~*/k*~B~*T* ≈ 3 × 10^−6^. Alternatively, when we turn off the guiding field slowly the populations at high field are converted to the populations of the zero-field eigenstates. Thus, an ideal adiabatic state has the form ρ = **1**/4 + \[(*I*~*z*~ + *S*~*z*~)(γ~*I*~ + γ~*S*~)*B*~pol~*/*8*k*~B~*T*\] − \[(*I*~*x*~*S*~*x*~ + *I*~*y*~*S*~*y*~)(γ~*I*~ − γ~*S*~)*B*~pol~*/*4*k*~B~*T*\]. We achieve an adiabatic transition by decreasing the guiding field gradually, as a decaying exponential with time constant 1 s.

We perform state tomography to characterize the initial state (density matrix) mentioned above. The complete form of the density matrix ρ of a two-spin system can be expressed in the Pauli basis as ρ = **I**·*V*·**S**, where **I** = \[*I*~*x*~, *I*~*y*~, *I*~*z*~\], **S** = \[*S*~*x*~, *S*~*y*~, *S*~*z*~\]^*T*^, and *V* is a 4 × 4 matrix that represents the coefficients of the term *I*~ν~*S*~μ~ (ν, μ = 0, 1, 2, 3). The superscript *T* refers to transpose of the matrix. State tomography consists of measuring the matrix *V*, or the coefficients of the 15 nontrivial *I*~ν~*S*~μ~ terms (*I*~0~*S*~0~ = **1** is an identity matrix). Details of the measurement procedure can be found in section S2. We give a brief summary in this study. The coefficient of *I*~ν~*S*~μ~ can be extracted by measuring both the phase and amplitude of the oscillating magnetization signal generated from its evolution under the *J* coupling. Since our magnetometer is sensitive to the magnetic field along the *z* axis, only the *z* component of the magnetization signal is detected. On the basis of table S1, which shows the evolutions of *I*~ν~*S*~μ~ under *J* coupling, there are only four terms, *I*~*z*~, *S*~*z*~, *I*~*x*~*S*~*y*~, and *I*~*y*~*S*~*x*~, that can generate oscillating magnetization signal along the *z* axis. We could only measure the coefficients of the other terms after applying additional operations and to transform them into one of the four observable terms, for example, *S*~*x*~ becomes *S*~*z*~ by applying π/2 rotation on ^13^C along the *y* axis. Because all four observable terms can generate signals along the *z* axis, it is impossible to determine the coefficient for each of them with a single measurement. Considering this, we obtain each coefficient by averaging four independent measurements. For each measurement, a pulse sequence is specially designed to change the signs of some coefficients, while having no effect on the sign of the coefficient we need to measure. The signal amplitude in the averaged spectrum is then proportional to the coefficient to be measured and independent of all others. The specific pulse sequences are summarized in table S2. [Figure 1](#F1){ref-type="fig"} (C and D) shows the experimental results for the optimized sudden and adiabatic states, which are displayed in the Pauli basis of a two-spin system. The overlap with the theoretically expected initial states defines fidelities of *f* = 0.99(1) for the sudden state and *f* = 0.97(2) for the adiabatic state. The lower fidelity for the adiabatic state is attributed to the influence of different relaxation rates for the singlet and triplet states ([@R7]).

Single-spin control
-------------------

For two spins at zero magnetic field, the available external controls of nuclear spins are magnetic field pulses along *x*, *y*, and *z* with the Hamiltonians *H*~η~ = −*B*~η~(γ~*I*~*I*~η~ + γ~*S*~*S*~η~), η = *x*, *y*, *z*. For ^1^H and ^13^C, the gyromagnetic ratios allow for manipulation of spin **S** (^13^C) by a π pulse while leaving spin **I** (^1^H) effectively unchanged $\mathcal{U}_{\eta}^{\mathit{S}}(\pi) = \mathit{e}^{- \mathit{i}\mathit{S}_{\eta}\pi} \approx \mathit{e}^{- \mathit{i}\mathit{I}_{\eta}4\pi - \mathit{i}\mathit{S}_{\eta}\pi}$ because γ~*I*~/γ~*S*~ ≈ 4. An arbitrary rotation of one of the spins, for example, **I**, can be realized by a pulse sequence that begins by rotating the spin **I** by half of the desired angle, as shown in the top panel of [Fig. 2A](#F2){ref-type="fig"}. This also rotates the spin **S** by some angle. Next, a π pulse is applied to the spin **S**, and then the second half rotation is applied to the spin **I**, followed by a π pulse on the spin **S**. With this sequence, the phases accumulated by the spin **S** in the two halves of the rotation cancel. This is also valid for arbitrary rotations of the spin **S**, except that the second half rotation is along the opposite direction, as shown in the lower panel of [Fig. 2A](#F2){ref-type="fig"}. A more detailed description of the implementation of the single-spin control is included in section S3. Notably, previous theoretical work has shown that for any set of coupled spins, it is possible to perform an even number of π rotations for all spins except for one, which undergoes an odd number of π rotations ([@R14]). Therefore, this approach can be, in principle, extended to multispin heteronuclear systems.

![Single-spin independent rotations.\
(**A**) Schematic diagram of individual spin rotation for ^1^H (top panel) and ^13^C (bottom panel), as presented in the text. The initial states of ^1^H and ^13^C are aligned to \|↑\> for simplicity. (**B**) Combined (top panel) and individual nuclear spin rotation for ^13^C (middle panel) and ^1^H (bottom panel). Each data point corresponds to a single measurement. Theoretical fits are shown with solid lines. (**C**) Clifford-based randomized benchmarking, as described in the main text. (**D**) Randomized benchmarking results for ^13^C single-spin control. Each point is an average over 32 random sequences of *m* Clifford gates, and the error bars indicate the standard error of the mean (note that the vertical axis has a logarithmic scale). A single exponential decay shown with a solid line is used to fit the fidelity decay and reveals an average fidelity of 0.9960(2).](aar6327-F2){#F2}

We show the experimental realization of arbitrary individual spin rotations for ^13^C and ^1^H in ^13^C-formic acid in [Fig. 2B](#F2){ref-type="fig"}. The amplitude of the magnetic field pulse is calibrated by experiments similar to that of Emondts *et al.* [@R7]. The individual pulse is τ~p~ = 50 μs. We initially prepared the ^13^C-^1^H nuclear spin system in the adiabatic state. A single magnetic field pulse along *x* with amplitude *B*~*x*~ produces *z* magnetization with amplitude proportional to (cosθ~*S*~ -- cosθ~*I*~), where θ~*S,I*~ *=* γ~*S,I*~*B*~*x*~τ~p~, which we detect with the atomic magnetometer. The dependence of the magnetization signal amplitude on the magnetic field pulse amplitude along *x* is shown in the top panel of [Fig. 2B](#F2){ref-type="fig"}. An individual rotation of ^13^C results in *z* magnetization proportional to (cosθ~*S*~ -- 1). As previously discussed, individual rotation of ^13^C means that rotation is performed only on ^13^C spins while doing nothing (an identity operation) on ^1^H spins. Similarly, for ^1^H, the *z* magnetization is proportional to (1 -- cosθ~*I*~). The evolution under the corresponding selective pulse sequence for ^13^C and ^1^H is shown in the middle and the bottom panels of [Fig. 2B](#F2){ref-type="fig"}, respectively. Our results ([Fig. 2B](#F2){ref-type="fig"}) agree with the theoretical analysis.

To estimate the fidelity of the single-spin control, we adopt the Clifford-based randomized benchmarking method. The randomized benchmarking pulse sequences are shown in [Fig. 2C](#F2){ref-type="fig"}. The sudden state is selected as the initial state, as it only contains two components in the Pauli basis (*I*~z~ and *S*~z~). To measure the coefficient of *S*~z~ independently, we adopt the same temporal averaging method as the state tomography (see [Fig. 2C](#F2){ref-type="fig"}). The signals acquired using four different independent pulse sequences (readout operations), $\mathit{M} \in \{\text{No\ operation},~\pi_{\mathit{S}}^{\mathit{z}},~\pi_{\mathit{I}}^{\mathit{x}},\pi_{\mathit{S}}^{\mathit{z}} - \pi_{\mathit{I}}^{\mathit{x}}\}$, are averaged together. Random sequences (shown in [Fig. 2C](#F2){ref-type="fig"}) with *P* = *e*^±*i*π*A*^ and C = *e*^±*i*(π/2)*B*^ are applied for each sequence length *m*, where the Clifford gates are realized by combined operations *PC*. Here, *A* ∈ {**1**, *S*~*x*~, *S*~*y*~, *S*~*z*~} and *B* ∈ {*S*~*x*~, *S*~*y*~, *S*~*z*~}. The recovery operation *R* is chosen to return the system to the initial state in the absence of control error. Measuring the decay of the coefficient of *S*~*z*~ with respect to the number (*m*) of randomized Clifford gates in the benchmarking sequence yields the average fidelity for ^13^C single-spin control. By averaging the coefficients of *S*~z~ over *k* different randomized benchmarking sequences with the same length *m*, and normalizing this averaged value to that of *m* = 0, the normalized signal $\overline{\mathit{F}}$ can be written as $\overline{\mathit{F}} = (1 - \mathit{d}_{\mathit{i}\mathit{f}}){(1 - 2\epsilon_{\mathit{g}})}^{\mathit{m}}$, where *d*~*if*~ is due to the imperfection of the state initialization and readout, and ϵ~*g*~ is the average error per Clifford gate ([@R15], [@R16]). We generate *k* = 32 random sequences for each *m*. As shown in [Fig. 2D](#F2){ref-type="fig"}, the randomized benchmarking results yield an average error per Clifford gate ϵ~*g*~ = 0.0040(2), and an imperfection of the state initialization and readout *d*~*if*~ = 0.0141. The average fidelity for ^13^C single-spin control is *f*~avg~ = 1 − 0.0040(2) = 0.9960(2), which is resilient to the state preparation and measurement errors.

In general, we can classify errors in the control of quantum systems into three categories: unitary, decoherent, and incoherent errors ([@R30]). For our experiment, it is the unitary error which comes from pulse imperfections (amplitude miscalibration and direction misalignment) that principally limits the single-spin control fidelity. We can neglect the decoherent error considering that the coherence time of our system is substantially longer than the entire duration of the sequence. The incoherent error comes mainly from the pulse-field inhomogeneity, which we measure to be \~ 0.2% (fig. S2) over the sample volume. We estimate the incoherent error to be about 10^−5^ per operation---much smaller than the experimentally measured average error. It is worth noting that the error caused by pulse-field inhomogeneity in our zero-field NMR experiments is smaller than that in the conventional high-field NMR case ([@R17]). This is because a large ratio between the pulse coils diameter and the effective sample volume is possible. Moreover, we calculate the error caused by the slight deviation of γ~*I*~/γ~*S*~ = 3.977(2) from 4 to be \~ 0.0006 (section S3), which may be neglected.

Two-spin control
----------------

A sufficient condition for universal quantum control of a nuclear spin system is the combination of arbitrary single-spin control and a two-spin control via a CNOT gate. The conventional way to generate a CNOT gate is to use the *I*~*z*~*S*~*z*~ (Ising) interaction combined with single-spin operations ([@R31]). However, at zero magnetic field, the scalar spin-spin coupling retains the *I*~*x*~*S*~*x*~, *I*~*y*~*S*~*y*~, and *I*~*z*~*S*~*z*~ terms. An effective *I*~*z*~*S*~*z*~ interaction can be realized by implementing the pulse sequence $\mathcal{U}_{\mathit{z}\mathit{z}}(\theta) = \mathit{e}^{- \mathit{i}\mathit{H}_{\mathit{J}}\mathit{t}_{\mathit{p}}/2}\mathcal{U}_{\mathit{z}}^{\mathit{S} \dagger}(\pi)\mathit{e}^{- \mathit{i}\mathit{H}_{\mathit{J}}\mathit{t}_{\mathit{p}}/2}\mathcal{U}_{\mathit{z}}^{\mathit{S}}(\pi)$, where θ = 2π*Jt*~*p*~. As discussed in the study of Bian *et al.* [@R14], this operation is equivalent to applying only the *I*~*z*~*S*~*z*~ interaction for time *t*~*p*~. Likewise, we can implement $\mathcal{U}_{\mathit{x}\mathit{x}}(\theta)$ and $\mathcal{U}_{\mathit{y}\mathit{y}}(\theta)$. In the computational basis of a two-spin system (section S4), the CNOT gate can be realized with the sequences $\mathcal{U}_{\text{CNOT}} = \sqrt{\mathit{i}}\mathcal{U}_{\mathit{z}}^{\mathit{I}}(\pi/2)\mathcal{U}_{\mathit{z}}^{\mathit{S}}( - \pi/2)\mathcal{U}_{\mathit{x}}^{\mathit{S}}(\pi/2)\mathcal{U}_{\mathit{z}\mathit{z}}(\pi)\mathcal{U}_{\mathit{y}}^{\mathit{S}}(\pi/2)$. Here, **I** is the control spin, **S** is the target spin, $\mathcal{U}_{\mathit{z}}^{\mathit{I}}(\pi/2)$ denotes a π/2 rotation of the spin **I** about *z*, $\mathcal{U}_{\mathit{z}}^{\mathit{S}}( - \pi/2)$ denotes a −π/2 rotation of the spin **S** about *z*, and so on.

In our experiment, the CNOT gate is designed to flip the ^13^C (target spin) nuclear spin if the ^1^H (control spin) nuclear spin is in the \| ↓ 〉 state. [Figure 3A](#F3){ref-type="fig"} shows the pulse sequence for implementing the CNOT gate in the heteronuclear two-spin system. As discussed in the previous section on single-spin control, our experimental error is dominated by unitary error. Because we can neglect nonunitary errors, we can characterize the CNOT gate by implementing a partial quantum process tomography (see Materials and Methods), where it requires substantially fewer measurements than standard quantum process tomography ([@R20]). As an example, [Fig. 3B](#F3){ref-type="fig"} shows the state tomography after the CNOT gate is applied on the sudden state (initial state tomography is shown in [Fig. 1C](#F1){ref-type="fig"}). Comparing the initial state with the final state, it is obvious that the CNOT gate keeps *I*~*z*~ and changes *S*~*z*~ to *I*~*z*~*S*~*z*~, which agrees well with the theoretical calculations (table S3). We prepare two independent initial states as the input states and measure the corresponding output states after applying the CNOT gate. One of the two initial states is the sudden state. We prepared the other one by applying a π/2 rotation of the spin **I** about *x* on the sudden state (section S4). On the basis of the measured state tomography results, we reconstruct the CNOT gate by using a numerical minimization technique to find the minimum of the function $\mathit{f}(\mathcal{U}_{\text{CNOT}}) = \mathit{k}_{1} \cdot {||\mathcal{B}_{1}||}_{\mathit{l}} + \mathit{k}_{2} \cdot {||\mathcal{B}_{2}||}_{\mathit{l}}$, where \|\| ⋅ \|\|~*l*~ denotes *l*-norm, $\mathcal{B}_{\mathit{i}} = \mathcal{U}_{\text{CNOT}}\rho_{\mathit{i}}\mathcal{U}_{\text{CNOT}}^{\dagger} - \rho_{\mathit{i}}^{\text{CNOT}}$, *k*~*i*~ is the weighting factor of \|\|$\mathcal{B}$~*i*~\|\|~*l*~, and ρ~*i*~ and $\rho_{\mathit{i}}^{\text{CNOT}}$ are the state tomography results before and after CNOT operation, respectively. Details of the CNOT gate reconstruction are given in section S4. On the basis of these, the form of the CNOT gate computed by finding the minimum of $\mathit{f}(\mathcal{U}_{\text{CNOT}})$ is shown in [Fig. 3C](#F3){ref-type="fig"}. We then directly calculate CNOT gate fidelity to be $\left. \mathit{f} = \text{Tr}\lbrack\mathcal{U}_{\text{ideal}}^{\mathit{T}}\mathcal{U}_{\text{CNOT}} \right\rbrack/4 = 0.9877(2)$.

![Two-spin CNOT gate.\
(**A**) Pulse sequences for implementing the CNOT gate. The *U*~*zz*~ operation (see main text) is accomplished with composite pulses. The entire duration of the CNOT gate sequence is 2.7 ms. (**B**) Output of the CNOT gate applied to the sudden state. (**C**) Reconstructed CNOT gate in the computational basis. The fidelity of the CNOT gate is 0.9877(2).](aar6327-F3){#F3}

DISCUSSION
==========

Here, we report the experimental implementation of universal quantum control in zero-field NMR, that is, single-spin and two-spin control on a heteronuclear two-spin system. Furthermore, we have evaluated the quality of the control using quantum information--inspired randomized benchmarking and partial quantum process tomography. We have demonstrated single-spin control with an average fidelity of 0.9960(2) for ^13^C and two-spin control through a CNOT gate with a fidelity of 0.9877(2) in ^13^C-formic acid. We have determined that the dominant errors for nuclear spin control in zero-field NMR are mainly from pulse imperfections. In addition, we have implemented quantum state tomography, which allows for full characterization of the density matrix of the nuclear spin system at zero magnetic field. Our method removes limitations of the previous nuclear spin control techniques at zero field and offers universal control of heteronuclear spin systems with high fidelity.

One possible application of our method that is now promising for zero-field NMR involves proposed experiments to measure chirality, and perhaps molecular parity nonconservation, via the rank 1 antisymmetric component of the *J*-coupling tensor ([@R9], [@R32]). Observation of these interactions requires an oriented (for example, by a strong electric field) sample, which simultaneously introduces some degree of alignment. This alignment introduces rank 2 interactions like the dipole-dipole coupling ([@R8]), which are generally large compared to the expected rank 1 couplings. The ability to perform independent arbitrary rotations on spins with different gyromagnetic ratios makes possible the implementation of rank-selective decoupling such as demonstrated in the study of Llor *et al.* ([@R10]), which can be used to average out rank 2 interactions that would otherwise complicate the measurement, while preserving the rank 1 interactions. Besides this, some NMR-based experiments exploring fundamental physics beyond the standard model, such as Cosmic Axion Spin Precession Experiment in the zero-field regime ([@R33], [@R34]), can benefit from the universal quantum control method, which, for instance, could help in understanding and suppressing systematic effects.

It is worth noting that zero-field NMR spectroscopy at the single-molecule level detected, for example, with nitrogen-vacancy (NV) centers in diamond, could take advantage of the techniques developed here. Previous work has demonstrated single-molecule spectroscopy detected via NV centers ([@R35], [@R36]), and recently developed techniques have shown submillihertz frequency resolution with NV centers at finite magnetic fields ([@R37]--[@R39]). Combined with these techniques, our control methods could be useful for nanoscale chemical analysis in the zero-field regime based on a single NV center, as environments that allow for high-resolution measurements may result in increased spectral complexity, which can be investigated and/or reduced using decoupling or spectral-editing pulse sequences. We note that the most significant scalability issue for NMR ensemble quantum computing, the reliance on pseudo-pure states ([@R29]), is overcome in the single-molecule case. A pure initial spin state for a single molecule can, in principle, be prepared via polarization transfer from the optically pumped NV center ([@R40]). Combined with the control methods presented here, such an arrangement may enable the construction of nuclear spin quantum devices at the single-molecule level.

MATERIALS AND METHODS
=====================

Sample preparation
------------------

^13^C-formic acid was obtained from Sigma-Aldrich. The \~200-μl sample was flame-sealed under vacuum in a standard 5-mm glass NMR tube after five freeze-pump-thaw cycles to remove dissolved oxygen, which is otherwise a significant source of relaxation at zero field.

Experimental apparatus
----------------------

The oscillating magnetic field signal produced by the evolving nuclear spin magnetization of a NMR sample was measured by a spin-exchange relaxation free (SERF) atomic magnetometer, shown in [Fig. 1B](#F1){ref-type="fig"}. The ^87^Rb atoms in a vapor cell were pumped with a circularly polarized laser beam propagating in the *y* direction. The laser frequency was tuned to the center of the buffer gas (N~2~)--broadened and shifted D1 line. The magnetic field was measured via optical rotation of linearly polarized probe laser light (detuned by tens of gigahertz from the D2 transition) propagating in the *x* direction. The vapor cell was resistively heated to 180°C. The atomic vapor cell was placed inside a four-layer magnetic shield (MS-1F, Twinleaf LLC), which includes three layers of mu-metal and one innermost layer of ferrite, which minimizes thermal Johnson noise. A set of three orthogonal coils driven by Krohn-Hite Model 523 DC calibrators was used to compensate the residual magnetic field to below 10^−10^ T. The sensitivity of the atomic magnetometer to fields along the *z* axis was optimized to about 10 fT/Hz^1/2^ for frequencies above 100 Hz, allowing for detection of the *z* component of the sample's nuclear magnetization. Three sets of mutually orthogonal low-inductance Helmholtz coils were used to apply magnetic field pulses, which were generated by the gradient channels of a Magritek Kea2 spectrometer and amplified by AE Techron 7224 power amplifiers.

Partial quantum process tomography
----------------------------------

Standard quantum process tomography requires estimations of *O*(2^4*N*^) real parameters to characterize the possible errors of a quantum process, where *N* is the number of qubits. To realize this complete characterization, a complete set of input states ρ~*i*~ (*i* = 1,...,2^2*N*^) needs to be prepared, and for each of them, complete state tomography was required after the quantum process. According to the state tomography results of the input and output states, one can obtain a set of mathematical equations that can be solved to obtain the *O*(2^4*N*^) unknown parameters ([@R21], [@R22]). However, when decoherent and incoherent errors are negligible, the quantum process under investigation can be approximated by a unitary operation, which is represented by a unitary matrix with only *O*(2^2*N*^) parameters. By performing only partial quantum process tomography, that is, confining the characteristics to only unitary process, the required number of experiments is substantially reduced. As usual, one can then prepare a set of independent initial states as the input states and measure the corresponding output states after applying the unknown unitary operation. A minimum set (sufficient to determine all parameters of the unitary matrix) consists of only two input states if and only if the identity operator is the only operator within the projective unitary group PU(2^*N*^) ([@R21], [@R22]). The two states described in section S4, ρ~1~ (referred to as the sudden state above) and ρ~2~ (prepared by applying a π/2 pulse on ^1^H along the *x* axis to an "imperfect sudden state"), satisfy these requirements. Hence, measurement of the density matrix provides sufficient information to determine the matrices describing the unitary process.
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